Explicit formulae for asymptotic expansions of Feynman diagrams in typical limits of momenta and masses with external legs on the mass shell are presented.
Introduction
Explicit formulae for asymptotic expansion of Feynman diagrams in various limits of momenta and masses have been obtained in the simplest form (with coefficients homogeneous in large momenta and masses) in [1, 2, 3] (see also [4] for a brief review). They hold at least when external momenta are off the mass shell. In the large mass limit, one can also apply the same 'off-shell' formulae for any values of the external momenta. If however some of the large external momenta are on the mass shell these formulae are generally non-valid. It is the purpose of this paper to present explicit formulae for asymptotic expansions of Feynman diagrams in two typical limits of momenta and masses with external legs on the mass shell: the limit of the large momenta on the mass shell with the large mass and the Sudakov limit, with the large momenta on the massless mass shell.
To derive these formulae we shall follow a method applied in ref. [5] for operator product expansions within momentum subtractions and later for diagrammatic and operator expansions within dimensional regularization and renormalization [3] . This method starts with constructing a remainder of the expansion and using then diagrammatic Zimmermann identities.
In the next section we shall remind explicit formulae of asymptotic expansions for the off-shell limit of large momenta and masses and illustrate how the remainder of the expansion is constructed. In Section 3 we shall generalize these formulae for the on-shell limit of large momenta and masses and, in Section 5, for the Sudakov limit. These formulae will be illustrated through one-loop examples.
2 Off-shell limit of large momenta and masses
It was an idea of Zimmermann [6] to derive operator product expansion using subtractions of leading asymptotics. Anikin and Zavialov have systematically developed this idea [5] and constructed a remainder of the operator product expansions within BPHZ scheme in such a way that it has the same combinatorial structure as the R-operation (i.e. renormalization at the diagrammatical level) itself. Let us consider asymptotic expansion of a Feynman diagram F Γ (Q, q, M, m) corresponding to a graph F Γ in the limit when the momenta Q ≡ {Q 1 , . . . Q i , . . .} and the masses M ≡ {M 1 , . . . M i , . . .} are larger than q ≡ {q 1 , . . . q i , . . .} and m ≡ {m 1 , . . . m i , . . .}. Suppose for simplicity that the external momenta are non-exceptional. To obtain explicitly the asymptotic expansion with homogeneity of coefficients in the large momenta and masses, one uses [3] the same strategy and constructs the remainder in the form RF Γ (Q, q, M , m), with an operation R which can be represented, e.g., by the forest formula [7] 
Here the sum runs over forests (sets of non-overlapping subgraphs) composed of oneparticle-irreducible (1PI) or asymptotically irreducible (AI) subgraphs and M γ is a (pre-)subtraction operator. Note that for the usual R-operation that removes ultraviolet divergences similar sum is over UV-divergent 1PI subgraphs. Subtractions in 1PI subgraphs remove UV divergences while (pre-)subtractions in AI subgraphs remove first terms of the asymptotic behaviour and provide desirable asymptotic behaviour of the remainder in the considered limit. Thus, if an initial diagram has divergences then the corresponding operation R includes usual UV counterterms. One could consider asymptotic expansion of regularized diagrams: in this case R involves only pre-subtractions. Let us suppose, for simplicity, that the initial diagram is UV and IR finite. The class of AI subgraphs is determined by the consider limit. For example, in the off-shell limit of momenta and masses a subgraph γ is called AI if (a) in γ there is a path between any pair of external vertices associated with the large external momenta Q i ; (b) γ contains all the lines with the large masses; (c) every connectivity component γ j of the graphγ obtained from γ by collapsing all the external vertices with the large external momenta to a point is 1PI with respect to the lines with the small masses.
Note that, generally, γ can be disconnected. One can distinguish the connectivity component γ 0 that contains external vertices with the large momenta.
The pre-subtraction operator is nothing but the Taylor expansion operator in the small momenta and masses:
The operator T performs Taylor expansion in the corresponding set of variables; q γ are the small external momenta of the subgraph γ (i.e. all its external momenta apart from the large external momenta of Γ); m γ is a set of small masses of γ. The degrees of subtraction a γ are chosen as a γ = ω γ + a where ω γ is the UV degree of divergence and a is the number of oversubtractions. The asymptotic behaviour of the remainder is governed by the number a. Note that these operators are by definition applied to integrands of Feynman integrals in loop momenta.
To derive the asymptotic expansion it is sufficient then to write down the identity
and then the diagrammatic Zimmermann identity [7] for the difference (1 − R), i.e the difference of two R-operations. (Remember that if the initial diagram was renormalized we would obtain the difference R − R.) In our case, this identity takes the form
where Γ/γ is the reduced graph and the sum is over AI subgraphs.
Taking then the number of oversubtractions a → ∞ and using the fact that product of two operators corresponding to two different AI subgraphs gives zero (so that R Γ/γ in (3) can be replaced by unity) one arrives at an explicit formula for the asymptotic expansion:
where the sum is again in AI subgraphs and the symbol • denotes the insertion of the polynomial that stands to the right of it into the reduced vertex of the reduced graph Γ/γ. Note that individual terms in (4) possess UV and IR divergences which are mutually cancelled (see [2, 3, 4] for details).
Large momentum expansion on the mass shell
Let us again consider the large momentum and mass expansion of a Feynman integral F Γ corresponding to a graph Γ. We suppose that the external momenta are nonexceptional, as above. Let now the large external momenta be on the mass shell,
To obtain explicit formulae of the corresponding asymptotic expansion let us again start from the remainder RF Γ where R is given by (1), with the same class of AI subgraphs but a different subtraction operator M.
As for the off-shell limit the operator M γ happens to be a product i M γ i of operators of Taylor expansion in certain momenta and masses. For connectivity components γ i other than γ 0 (this is the component with the large external momenta), the corresponding operator performs Taylor expansion of the Feynman integral F γ i in its small masses and external momenta. (Note that its small external momenta are generally not only the small external momenta of the original Feynman integral but as well the loop momenta of Γ.) Consider now M γ 0 . The component γ 0 can be naturally represented as a union of its 1PI components and cut lines (after a cut line is removed the subgraph becomes disconnected; here they are of course lines with the large masses). By definition M γ 0 is again factorized and the Taylor expansion of the 1PI components of γ 0 is performed as in the case of c-components γ i , i = 1, 2, . . ..
It suffices now to describe the action of the operator M on the cut lines. Let l be such a line, with a large mass M i , and let its momentum be P l + k l where P l is a linear combination of the large external momenta and k l is a linear combination of the loop momenta and small external momenta. If P l = Q i then the operator M for this component of γ is
In all other cases, e.g. when P l = 0, or it is a sum of two or more external momenta, the Taylor operator M reduces to ordinary Taylor expansion in small (with respect to this line considered as a subgraph) external momenta, i.e.
Note that in all cases apart from the cut lines with P 2 l = M 2 i the action of the corresponding operator M is graphically described (as for the off-shell limit) by contraction of the corresponding subgraph to a point and insertion of the resulting polynomial into the reduced vertex of the reduced graph.
Using the same Zimmermann identity (3) (note however that the symbol Γ/γ in R Γ/γ does not now have its proper meaning) with the new pre-subtraction operator we now obtain the following explicit form of the asymptotic expansion in the on-shell limit F Γ (Q, M , q, m; ǫ)
Let us apply this general formula to a one-loop propagator-type diagram consisting of two lines, with masses M and m, and external momentum p with p 2 = M 2 :
In what follows we shall omit +i0, for brevity. In the limit M → ∞, general formula (7) gives contributions corresponding to two subgraphs: the subgraph γ associated with the heavy mass M and the graph Γ itself. The contribution of Γ is obtained as formal Taylor expansion of the propagator with the mass m at m = 0:
The integral involved is easily calculated by the α-representation. We have
According to prescription (5) the contribution of γ comes from the formal Taylor expansion of another factor in the integrand 1/(k 2 − 2pk) with respect to k 2 :
Calculating the above one-loop integral gives
In the sum of two contributions artificial IR and UV poles are cancelled, with the following result:
The UV pole which is present from the very beginning can be removed by usual renormalization.
Explicit formulae for the Sudakov limit
The large momentum limit of the last section can be considered either in Euclidean or Minkowski space. An example of typically Minkowskian situation which has no analogues in Euclidean space is the Sudakov limit [8] . One of its version is formulated as the behaviour of a three-point Feynman diagram F Γ (p 1 , p 2 , m) depending on two momenta, p 1 and p 2 , on the massless mass shell, p
We suppose, for simplicity, that there is one small non-zero mass, m. Let us enumerate three end-points of the diagram according to the following order: p 1 , p 2 , q.
To treat this limit let us use the previous strategy and construct a remainder determined by an appropriate pre-subtraction operator and then apply Zimmermann identities. Now, we call a subgraph γ of Γ AI if at least one of the following conditions hold:
(1) In γ there is a path between the end-points 1 and 3. The graphγ obtained from γ by identifying the vertices 1 and 3 is 1PI.
(2) Similar condition with 1 ↔ 2. Note that when q 2 gets large the components at least of p 1 or p 2 are large. The pre-subtraction operator M γ is now naturally defined as a product j M γ j of operators of Taylor expansion acting on 1PI components and cut lines of the subgraph γ. For 1PI components γ j we define it as Taylor expansion with respect to the mass m and its small external momenta (i.e. all external momenta apart from the large momenta p 1 and p 2 ). If l is a cut line then one of the two large external momenta, e.g., p 1 flows through it and the momentum of the line is p 1 + k l where k l is a linear combination of the loop momenta. Then the operator M for this component of γ is defined as
For example, M γ for the whole graph (γ = Γ) gives nothing but Taylor expansion of the integrand in m. Consequently we arrive at explicit expansion similar to (7):
with the new operator M and the new definition of AI subgraphs. Let us illustrate these prescriptions through an example of one-loop triangle Feynman integral
The set of AI subgraphs consists of two single massless lines as well as the graph Γ itself, with the corresponding pre-subtraction operators M 
and the pre-subtraction operators M a i are
It is implied that each of these operators acts only on the corresponding factor of the integrand and does not touch other two factors. The remainder is UV and IR finite, for any a. Its asymptotic behaviour is (m 2 ) a+1 /(k 2 ) a+2 modulo logarithms. Then the terms of the expansion result form the Zimmermann identity:
where we have dropped zero products of different operators and turned to the limit a → ∞ (with M i = M ∞ i ). All the resulting one-loop integrals are easily evaluated for any a. For example, the term with M a 0 gives the following leading behaviour (a = 0) at ǫ = 0:
The terms M a 1 and M a 2 are not individually regulated by dimensional regularization but their sum exists for general ǫ = 0, e.g. for a = 0 we have
Here ψ is the logarithmic derivative of the gamma function.
Taking into account terms with arbitrary j in (18) and (19) and calculating the corresponding one-loop integrals we come, in the limit ǫ → 0, to the known result:
where Li 2 is the dilogarithm and t = −q 2 /m 2 .
Conclusion
The explicit formulae of the on-shell asymptotic expansions presented above can be successfully applied for calculation of Feynman diagrams -see, e.g., [9] where the formulae of Section 3 are used. It looks also natural to apply the formulae for the Sudakov limit for analyzing asymptotic behaviour of multiloop diagrams.
Observe that any term of asymptotic expansions (7, 15) , in particular (13, 23) , is calculated much easier than the whole diagram itself 2 . For example, an arbitrary term of the expansion of a 2-loop on-shell diagram considered in [9] can be in principle analytically evaluated by computer. Let us note that the formulae for the Sudakov limit give not only the leading asymptotic behaviour ("the leading twist") but any power with respect to the expansion parameter and all the logarithms: in the considered one-loop examples all the powers and logarithms were obtained at the same footing. Thus it looks reasonable to apply the presented technique to extend well-known results on asymptotic behaviour in the Sudakov limit [8, 10, 11, 12] (see also references in [11] ).
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